Studying thermal conduction in low-dimensional non-integrable systems is necessary for understanding the microscopic origin of macroscopic irreversible behavior and Fouriers law of heat conduction. Two distinct types of low-dimensional thermal conduction models have been proposed in the literature ones that display normal thermal conduction (like the Φ 4 chain) and others that show anomalous thermal conduction (like the Fermi-Pasta-Ulam chain). However, in both these models nothing prevents two nearby particles from crossing each other. In this manuscript, we introduce a modification in the Hamiltonian of the traditional Φ 4 chain (henceforth called Φ 4C model) through soft-sphere potential that prevents two particles from crossing. The proposed model is then subjected to thermal conduction by keeping its two ends at different temperatures using Nosé-Hoover thermostats. Equations of motion, derived from the Hamiltonian, are solved using 4 th order Runge-Kutta method for 1 billion time-steps, where each time-step is of 0.0005 time units. Averages have been computed using the last 750 million time-steps. Our results indicate that the boundary effects due to contact with the thermostats is minimized in the Φ 4C model as compared to the traditional Φ 4 chain, ensuring a smoother temperature distribution across the chain. Further, the rate of convergence of heat flux is much faster in the Φ 4C chain vis-á-vis the traditional Φ 4 chain. However, the absolute value of heat flux is much smaller in the Φ 4C chain.
amongst the researchers. Of specific importance is to identify the link between the macroscopic Fourier's law of heat conduction with its low-dimensional counterpart. For a one dimensional system, Fourier's law may be stated as:
i.e. the heat current, J, is proportional to the temperature gradient, ∂T /∂x, with the constant of proportionality given by the thermal conductivity of the system, κ. This macroscopic statement of Fourier's law is independent of the system size and length. But, situation becomes complicated when dealing with atomistic scale low-dimensional systems. For example, CNTs exhibit length (as well as temperature) dependent thermal conductivity [1] .
Similarly, graphene has an exceptionally high thermal conductivity [2] .
In a bid to explain these anomalous deviations away from normal thermal transport properties, simplified one-dimensional models have been studied extensively. Two of the most studied pedagogical models are the Fermi-Pasta-Ulam (FPU) chain [3] and the Φ 4 chain [4] . While the FPU chain exhibits anomalous thermal conduction similar to CNTs with κ following a power-law with system size, κ ∼ L α with α = 0, Φ 4 chains obey Fourier's law [3] . The generalized Hamiltonian, H, governing the two chains comprising of N particles can be expressed as:
where p i is the momentum of the i th particle having a mass of m, V H is the harmonic part of the potential that depends on the distance between the two nearby particles ∆x i−1,i , V A is the anharmonic part of the potential that also depends on ∆x i−1,i and U(x i ) is the anharmonic tethering part of potential. FPU chain is obtained when V A (∆x i−1,i ) = 1 4 c 1 ∆x 4 i−1,i and U(x i ) = 0, while the Φ 4 chain is obtained when V A = 0 and U(x i ) = 1 4 cx 4 i . The difference in the nature of the Hamiltonian results in FPU chain being momentum conserving and Φ 4 chain being momentum non-conserving. Across several scientific works, it has been argued in the literature that momentum conservation is a key reason for the FPU chain to display anomalous thermal conduction [5] . The argument, however, does not hold true for all one-dimensional modes as has been identified by Prosen and Campbell [6] .
Over the years, several momentum non-conserving models have been proposed that show normal thermal transport properties. For example, working with a chain of coupled rotators, Giardina et. al. [7] have shown that the system obeys Fourier's law. Similarly Xiong et.
al. [8] have shown through non-equilibrium molecular dynamics that their one-dimensional chain with asymmetric interparticle interactions has a convergent thermal conductivity in thermodynamic limit.
Another possible origin of anomalous thermal transport in momentum conserving onedimensional chains has been attributed to the slow diffusion of energy carried by the longwavelength modes [9] . These long-wavelength modes act as undamped energy transport channels, and result in long-distance as well as time correlations in the system. As a result, such momentum conserving systems possess anomalous thermal transport. Further, it has been suggested that in one-dimensional systems having tethering potential, the energy transported by the long-wavelength modes gets diffused quickly due to the tethering potential.
Particularly for the Φ 4 chain, it has been argued that the localized modes having frequency greater than the linear phonon regime are responsible for normal thermal conduction. However, explanation of ballistic thermal conduction in the momentum non-conserving Φ 4 chain, under weakly non-linear tethering potential, still remains elusive [10] .
In the traditional models of FPU and Φ 4 chains, two nearby particles may cross each other. This is in contrast with realistic systems, where any two particles experience large repulsive forces when they come near each other. The presence of such repulsive forces may have a significant bearing on the thermal conductivity properties owing to their ability to create new phonon modes. Keeping this in mind, in this manuscript, we generalize the traditional Φ 4 chain so that no two individual particles can cross each other. This is achieved by addition of a soft-sphere type potential to the Hamiltonian associated with Φ 4 chain. The resulting Hamiltonian is solved numerically to answer the following questions -(i) how does the thermal conductivity and heat flux change when particles are not allowed to cross each other, (ii) does enabling collision has any bearing on the temperature gradient being created across the chain, and (iii) does collision alter the density profile within the chain and the diffusive characteristics of the chain.
The manuscript is organized as follows: the next section details the model proposed in this manuscript that prevents two particles from crossing over along with a brief description of the traditional Φ 4 chain, subsequently we highlight the numerical simulation strategy adopted in this study and the results obtained from our simulations. Lastly, concluding remarks are presented that provides direction for future research.
Consider N particles, each of mass m, lying on a one-dimensional line. Let the equilibrium distance between any two particles be l eq . As in equation 2, let V H (∆x i,j ) and V A (∆x i,j ) be the harmonic and anharmonic inter-particle interactions between two particles i and j.
These interactions solely depend on the relative displacement of the two particles from their equilibrium positions, ∆x i,j = x i − x j − (j − i)l eq . Further, let each particle interact only with its nearest neighbor, i.e. V (∆x i,j ) → V (∆x i−1,i ). In presence of an on-site tethering potential, U(x i ) , the Hamiltonian is given by:
Choosing k = 1.0, the traditional Φ 4 chain is obtained from equation 3 by substituting
. Thus, the Hamiltonian of Φ 4 chain, with c = 0.1, is given by:
The reason for choosing c = 0.1 in equation 4 is to ensure that the anharmonic energy contribution is a fraction of harmonic energy for the majority of simulation time. In the limit of large anharmonic contributions (c = 1), thermal transport characteristics of φ 4 chain have been extensively studied by Hu et. al [5] , and Aoki and Kusnezov [11] using deterministic thermostats. Hu et. al argued that as the momentum conservation breaks down due to the tethering potential, thermal conduction follows Fourier's Law where J ∼ 1 N and dissipation of momentum decays exponentially in time. Using large scale simulations, it was found that the thermal conductivity depends on temperature according to: κ = 2.724/T 1.382 [12] . Patra and Bhattacharya [13] employed a Φ 4 chain to study thermal rectification and differential thermal conduction. Although researchers have extended the Φ 4 model to more than one dimensions [12] , we focus only on one-dimensional chains in the present study. However, the existing Φ 4 model does not constrain two particles from crossing each other. In the present work, we modify H Φ 4 so that two particles are prevented from crossing each other. The proposed Φ 4C Hamiltonian contains an extra soft sphere collision term V C (.) = −a 1 (x i −x i−1 ) 6 which ensures that two particles, upon coming very close to each other, experience a large repulsive force. The choice of the constant a is governed by two factors: (i) the effective radius of the particles, r, so that when the distance between the two particles is less than 2r, a large repulsive force is experienced by the particles, and (ii) the contribution of V C → 0 when the distance between the two particles is greater than 2r. In the present work, we choose a = 5 × 10 −10 corresponding to an effective radius of r = 0.025. The resulting
Hamiltonian is: Figure 1 depicts the soft-sphere potential and its corresponding force vis-á-vis the harmonic potential and harmonic force. Beyond 2r, the interparticle potential and force is dominated by the harmonic potential and the corresponding force, respectively. 
III. SIMULATION METHODOLOGY
We now describe the simulation methodology adopted in the study. The particles of both Φ 4 and Φ 4C chains are initialized at their equilibrium positions such that l eq = 1.
Therefore, the initial position of i th particle is x i,o = i − 1. So, in a chain comprising of N particles, the initial coordinates range from 0, 1, . . . .N − 1. Initial velocities of the particles are randomly sampled from a uniform distribution between ±0.5. Fixed-fixed boundary conditions have been implemented in the chains by means of fictitious fixed particles present at the coordinates −1 and N. The first (last) boundary particle interacts with only the first (last) particle of the chain through V H (.) + V A (.) whose mathematical forms are given in equations 4 and 5. A pictorial representation of the chain is depicted in figure 2.
We create a thermal gradient in the chains by controlling the temperature of the first and the last particles. While the first particle is kept in contact with a hot heat reservoir (at temperature T H ), the last particle is kept in contact with a cold heat reservoir (at temperature T C ). Amongst the different deterministic thermostats [14] [15] [16] [17] , we choose Nosé-Hoover thermostat [18] [19] [20] for temperature control due to its simplicity and wide adoption. Let us begin with a hypothetical case where a chain comprising of N → ∞ particles is brought away from equilibrium through a thermal gradient. In such a case, the chain becomes a continuous entity, and the different thermodynamic quantities may be defined on a spatial point x. With local thermodynamic equilibrium [15] conditions prevailing within the system, it is possible to define an instantaneous local temperature field T (x, t) that varies slowly in x and time, t. In a similar way, the local heat current density J(x, t) may be defined. For the chains under consideration, where N is finite, we make an assumption that the temperature gradient is small enough so that the chain is near-equilibrium and local thermodynamic equilibrium hypothesis holds true. In such a scenario, we can now define locally both temperature and heat currents for a particle. From amongst the different definitions of temperature [21, 22] , we restrict ourselves to kinetic temperature, which can locally be expressed as:
where, k B is the Boltzmann constant and taken as unity for the remainder of this study, and T i is the kinetic temperature of the i th particle. Local heat current may be obtained by taking the time derivative of the local energy density associated with the i th particle [23] :
which can be written asǫ
where, j i,j is the energy current flowing from particle j to particle i. When steady state is reached [23] , ǫ i = 0, ∂ǫ i ∂t = 0 along with dV (x i −1−x i ) dt = 0, so that:
This gives j i,i−1 = j i+1,i = j(x, t) = J. So, the net heat flux, J, and its time averaged value, J , may be computed as:
Thermal conductivity may now be calculated through:
For large N, systems with normal thermal conductivity gives finite κ, while systems with abnormal thermal conductivity gives: 
B. Temperature Profile
Under an imposed temperature gradient, assuming local thermodynamic equilibrium, each particle of a chain has a well defined kinetic temperature. Since three different T M values have been considered, for each particle i, a scaled kinetic temperature, T S,i , is defined:
so that the temperature of a particle always varies between 1.1 and 0.9 and a meaningful comparison can be made. The scaled temperature profile of Φ 4 and Φ 4C chains with N = 512 is shown in figure 3 . A typical Φ 4 chain exhibits boundary jumps in temperature profile [24] which becomes more prominent with decreasing T M . Introduction of soft-sphere collisions drastically reduce the boundary temperature jumps in the Φ 4C chain. A stark contrast can be seen for the two chains especially at lower values of T M . It must be noted that the exact reason for boundary jumps in Φ 4 chains is still open to research.
Researchers have argued that in between the temperature jumps, the temperature profile of a Φ 4 chain varies linearly. Neglecting the temperature jumps, we now calculate the deviation of the profiles from a linear behavior (the green straight line of figure 3 ), using the following distance measure: 
V. CONCLUSIONS
This manuscript generalizes the Φ 4 model such that no two adjacent particles cross each other. In simpler terms, the Φ 4 particles can now "collide" and repel each other. This is achieved by adding an anharmonic soft-sphere potential to the standard Φ 4 Hamiltonian.
The effect of not allowing the particles to cross each other is investigated through molecular dynamics. Specifically, we focus on temperature profile and thermal transport properties of the chain.
It is observed that the addition of soft-sphere potential significantly alters the temperature profile while satisfying Fourier's law without significantly altering the diffusion characteristics. The boundary jumps present in Φ 4 chains become negligible in Φ 4C chains, with the difference being more pronounced at low temperatures. The results suggest that the Φ 4C model may be used to study multiscaling behavior with ease at lower temperatures. Being closer to a realistic system, where two particles cannot cross each other, an exhaustive study is in order to understand the behavior of Φ 4C model in depth.
Perhaps, the most interesting results arise for thermal conductivity. Like Φ 4 chain, at very low temperatures, one observes large thermal conductivity for Φ 4C chain as well. However, unlike Φ 4 chain, thermal conductivity does not always increase with decreasing temperature.
We suspect that heat flux due to the interplay between soft-sphere and harmonic potentials determines the magnitude of thermal conductivity -with increasing temperature there is a marginal rise in thermal conductivity -possibly because of increased heat flux due to more frequent "collisions" between the particles at higher temperature. Again, an in-depth study is required to ascertain the veracity of our explanation. One can split the contributions of heat flux due to the different potentials along with monitoring the frequency of collisions to understand the interplay. Alternatively, one can look at the Fourier space, and continuously monitor the modal energies to identify if there is more interaction between the phonons (phonon-phonon interaction) resulting in peculiar behavior of thermal conductivity. As of now, the problem remains wide open to research community.
Lastly, we would like to highlight that the numerical solution to the equations of motion relies upon Taylor series expansion. With the inclusion of soft-sphere potential, the nonlinear behavior starts to dominate when two particles come very close, and this requires a very small time step for solution. It is preferable to use adaptive time integration methods for
